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Abstract
We examine conformal rescaling and T-duality in the context of
four-dimensional HKT geometries. The closure of the torsion forces
the conformal factor to satisfy a modied harmonic equation. Be-
cause of this equation the conformal factors form non-commutative
groups acting on the HKT geometries. Using conformal rescalings
and T-duality transformations we generate from at space new fami-
lies of HKT geometries with tri-holomorphic Killing vectors. We also








It is well known that supersymmetry and the target space geometry of sigma
models are intimately related. In particular, Alvarez-Gaume and Freedman
[1] showed some time ago that (4,4) supersymmetry in two dimensional
sigma models restricts the target space geometry to be hyper-Kahler (HK).
More recently an extension of the HK geometry, known as hyper-Kahler with
torsion (HKT) [2], was found in (4,0) supersymmetric sigma models with
Wess-Zumino coupling [3, 4, 5, 6, 7]. While the former geometry is dened
with respect to the Levi-Civita connection, the latter is dened with respect
to a connection with torsion, the torsion H being a closed three-form. In
the limit of vanishing torsion one recovers from an HKT geometry an HK
geometry.
Apart from their application to non-linear sigma models HKT geome-
tries were recently found as moduli spaces for a certain class of black holes
[8]. They also appear as the target spaces of a bound state of a D-string
and D-ve-branes in type I string theory [9]. Moreover, in [2] it was shown
that there is a twistor space description associated to HKT geometries, re-
sembling the ordinary twistor space for HK geometries [10].
The algebraic and dierential constraints on the couplings of an HKT
sigma model target manifold, the metric g and the locally dened two-form
b, are much better understood in four dimensions than in higher dimensions,
and a number of explicit examples of four-dimensional HKT geometries are
known: In [11] it was shown, that there is a one-to-one correspondence
between self-dual Einstein-Weyl spaces and HKT geometries. Moreover in
[12] it was shown, that in the case of a four-dimensional HKT geometry
with a tri-holomorphic Killing vector the associated three-space is a 'spe-
cial' Einstein-Weyl space. The authors of [13] have used harmonic super-
space methods to nd generalizations of the Eguchi-Hanson and Taub-NUT
metrices to include torsion. Furthermore, it was shown in [14] that there
exists for every HK geometry with metric g an associated family of HKT
geometries with metric ~g = Ug and torsion H =  

g
dU , provided that U is
harmonic with respect to g. We generalize this observation, nding a family
of conformally rescaled HKT geometries for every HKT geometry, where the
conformal factor is in general not harmonic but rather satises a modied
harmonic equation.
We focus our attention on HKT manifolds, admitting at least one tri-
holomorphic Killing vector; furthermore we only consider four-dimensional
HKT geometries. A tri-holomorphic Killing vector preserves all three com-
plex structures. In addition, we always require an HKT geometry with a
2
tri-holomorphic Killing vector to have a torsion which is also invariant under
the transformations generated by this Killing vector. Under these conditions
one can T-dualize an HKT geometry along the Killing direction to nd a
new HKT geometry [15].





= 0 the most general HKT geometry, which admits a tri-holomorphic
Killing vector, is the conformal rescaling of the Gibbons-Hawking metric
[16], whereas for u = 0 it is the geometry associated with monopoles on the
three-sphere [17]. We generate both of these metrices from at space by
a series of consecutive T-duality transformations and conformal rescalings.
Furthermore we nd some new HKT geometries, which we give in equations
(36), (41), and (44).
The organisation of the paper is as follows: In section 2, the HKT geom-
etry is briey reviewed, and we focus on the case of HKT geometries with
a tri-holomorphic Killing vector. In section 3, we present the conformal
rescaling of an HKT geometry and show that the conformal factors form
non-commutive groups. In particular, we nd the transformation rules for
an HKT geometry with a tri-holomorphic Killing vector under conformal
rescaling and T-duality. In section 4, starting from ordinary at space we
apply successively conformal rescaling and T-duality generating explicite ex-
amples of HKT manifolds. In section 5, we give some concluding remarks on
the relation of conformal invariance versus niteness in (4,0) supersymmetric
sigma models.
2 The HKT geometry
A manifoldM with a Riemannian metric g has an HKT structure if it fulls
the following requirements [2]:
(i) There is a triplet of complex structures fI
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where   is the Levi-Civita connection with respect to the metric g.
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= 0 : (4)
The closedness and anti-symmetry of the torsion allows one to dene




















is the totally anti-symmetric tensor with respect to the metric g.
We remark that the conditions (i)-(iii) are precisely the conditions necessary
for the invariance of the action of a sigma model under (4,0) supersymmetry
and the closure of the (4,0) supersymmetry algebra.
Now we assume that the sigma model is invariant under some target
space transformations generated by a vector eld X. Equivalently X is an










H = 0 : (7)
We call Killing vectors, which satisfy these equations, tri-holomorphic. Next,




; i = 1; 2; 3g on the target space M adapted to
























where  is the three-dimensional metric on the manifold of Killing vector
trajectories, M
3
, V is a function and w is a one-form on M
3
. Following the
notations of [12] we write the torsion H in terms of a function u
0
and a














+ w  u) : (10)
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= 0 ; (11)
where r
i
is the Levi-Cevita connection with respect to the three-metric .
Hence an HKT geometry admitting a tri-holomorphic Killing vector is





, which full the following restrictions [12]:






























































An Einstein-Weyl space with the one-form u restricted by (11) and (14) and
the Ricci tensor given by (13) is called a special Einstein-Weyl space.











which reduces to the ordinary harmonic equation when u = 0. A similar
















3 Conformal rescaling and T-duality
We start with the discussion of the conformal rescaling of a general four-




) be an HKT geometry, then there
































where the Laplace operator 2
1
is taken with respect to the metric g
1
. Note
the factor of U in front of H
1
in (18). This factor arises because one of
the indeces of H is lowered in the rst and second geometry with dierent
metrices to nd the torsion as a three-form. This factor is also responsible
for the fact that the conformal factor U satises in general the modied
harmonic equation (19) rather than an harmonic equation as it was claimed
in [12].
The modied harmonic equation for U is of such a form that the confor-




; = 1; 2; 3; :::), form a group that
act on the space of the conformal families of HKT geometries. In fact the
operation of conformal rescaling closes separately on each conformal family

























































































existence of inverse :





























and given by (18).
Now assume that the HKT geometry admits a tri-holomorphic Killing
vector. We examine in detail, how such a geometry transforms under con-
formal rescaling and T-duality. Let us rst consider conformal rescaling of
a tri-holomorphic HKT geometry.
















































For the second geometry to be again tri-holomorphic, U is restricted U =
U(x
i
































Note, that for u
0











f . Then it
follows from (22) that this geometry is conformally related to an HK geom-
etry. Since the most general HK geometry with a tri-holomorphic Killing
vector is the Gibbons-Hawking metric, an HKT geometry with u
0
= 0 is
necessarily the conformal rescaling of the Gibbons-Hawking metric.
The modied harmonic equation for U (23) is similar to the equations
(15), and (16) for V , and U
0
, respectively. To explain the fact that U and V
satisfy similar equations we remark that in every conformal family of HKT
geometries there are those for which V is a constant. (V = const is a special
solution of (15).) To nd all the other metrices in the same conformal family
with non-constant V we can conformally rescale the constant ones, i.e. we
have to solve the modied harmonic equation for U (23). Thus solving (23)
for U is equivalent to solving in general (15) for V . The fact that V and
u
0
satisfy similar equations enables one to nd for every three-dimensional









for any constant c. In fact, every minimal HKT geometry is conformally
related to an HK geometry [12].
We now examine the transformation of HKT manifolds, which admit
a tri-holomorphic Killing vector, under T-duality. Let us start again with
an initial HKT geometry admitting a tri-holomorphic Killing vector. Then






















































because the integrability condition for (26)
























One can explicitly show that the conformal rescaling (21) and T-dua-
lization (25) of an initial geometry give rise to further HKT geometries, i
the initial geometry itself is HKT, i.e. equations (11) - (14) are invariant
under conformal rescaling and T-duality, as expected on general grounds.
4 HKT metrices from at space
We construct explicit examples of HKT manifolds with a tri-holomorphic
Killing vector using a string of consecutive T-duality transformations and









+ dx  dx
v
1
= 0 : (28)

























































always exists because the integrability condition for (30) is that U is har-
monic. In a next step we T-dualize the geometry (29) to nd
1




as a starting point and the periodic iden-






















= 0 ; (31)
This is the well known HK metric of Gibbons and Hawking [16]. Let us
write the at metric on M
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The Gibbons-Hawking metric (31) can be further conformally rescaled
by U
2
, which satises a similar harmonic equation on the at three-space
as U
1

























as non-negative constants. Changing variables from r to


























































































g to be positive, the
metric factor V
4
is regular but the three-metric is singular at z = +1,







=  and c
3


































= 1 : (37)
This geometry has a constant V
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is not because 
ijk
is not constant on R  S
2
.





. Both three-geometries as well as their associated
four-geometries are non-singular. The eect of a further T-dualization of









Therefore the geometry (37) with  = 1 is T-self-dual. Thus we cannot
generate from (36) any other HKT manifolds by further conformal rescalings
or T-dualizations, i.e we are conned to one particular conformal family.






















is the volume element on the unit three sphere, S
3
. We perform

































= 0 ; (40)
where x
0




is the volume element on the three-sphere












. Note that this conformal rescaling is not
of the form U = U(x
i
) as all the others are. With the former type of
conformal rescaling we have generated a non-zero u
0
, whereas with the latter
we cannot make u
0
non-zero. In fact, the geometry (40) is a member of a new
conformal family. Even though the conformal rescaling does not preserve a




geometry is cast in the form of an HKT geometry with a tri-holomorphic





























































































= 0 : (43)
This is the unique HKT geometry with u = 0. This geometry was given
in [17] with R = 
 1
. The three-geometry of (43) is that of a three-sphere
of constant radius R. The global behaviour of (43) was studied in [17]
for the case of a geometry, which is u(2)-invariant. It was found that all
geometries of this kind are singular except the WZWmodel with target space
SU(2)  U(1), which has a constant V and a vanishing w. It seems likely
that all the remaining metrices of the type (43) are also singular. Further
rescaling by a conformal factor U
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We have checked that the singularities of the metric (43), which is also
u
2
-invariant, cannot be resolved by such a conformal rescaling. Note, that









) which resembles the behaviour of (37) under T-duality. Thus again
applying our techniques to (44) does not yield any new geometries.
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5 Concluding remarks
It has been shown in [7, 19] by a power counting argument that (4,0) super-
symmetric sigma models are ultraviolet nite. The condition for one-loop
















































for some function  on M . The two conditions coincide only if V
i
is a closed
one-form, i.e. one-loop conformal invariance implies one-loop ultraviolet
niteness but not vice-versa.












is the dual torsion (6). It follows that the condition for one-loop








, whereas the condition for one-loop conformal invariance (46)





HKT geometries are one-loop ultraviolet nite, but only conformally rescaled
HK geometries are one-loop conformally invariant. Moreover in [22] it was
shown that for compact target spaces any ultraviolet nite sigma model is
conformally invariant. We remark though that the (4,0) supersymmetric
sigma model with target space the HKT geometry (43) is ultraviolet nite
but not conformally invariant.
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